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Abstract
We give explicit expression of recurrency formulae of canonical realization
for quantum enveloping algebras Uq(sl(n+1, C)). In these formulas the gen-
erators of the algebra Uq(sl(n+1, C)) are expressed by means of n-canonical
q-boson pairs one auxiliary representation of the algebra Uq(gl(n,C)).
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In a recent paper (Fu and Ge 1992) the authors gave a general method to
construct the q-boson realizations of quantum algebras from their Verma represen-
tations.The method was illustrated on two examples of algebras Uq(sl(2, C)) and
Uq(sl(3, C)). In the case of Lie algebras this method was formulated in (Burd´ık
1985) and some generalization for Uq(sl(2, C)) in (Burd´ık a Navra´til 1990).
In this letter we are devoted to studying explicitly the general case Uq(sl(n +
1, C)). Because it is difficult to write down the explicit expression of its Verma
representation we use the recurrency from Uq(gl(n+ 1, C)) to Uq(gl(n, C)).
In final formulae the generators of the algebra Uq(sl(n + 1, C)) are expressed
by means of n-canonical boson pairs and auxiliary representation of the algebra
Uq(gl(n, C)) . The pure q-boson realizations we can obtain than after recurrency.
Very similar formulae were used in our paper (Burd´ık,Havl´ıcˇek and Vancˇura
1992) for construction of irreducible highest weight representations of quantum
groups Uq(gl(n+ 1, C)) .
Now it is clear (Fu and Ge 1992) that these formulas we can used for construction
of parametrized cyclic representations starting from cyclic representations of q-
deformed Weyl algebra. The irreducibilty of these representations we study and
the results will be published.
We believe that our recurrency method can be used to construct q-boson real-
izations for deformations of other semi-simple Lie algebras as well,and some positive
indication for deformation of Bn and Dn have already been obtained.
The q-Weyl algebras are defined as associative algebras W q2 over C generated by
b+, b, and q±N satisfying (Hayshi 1990)
bb+ − q∓b+b = q±N , qNq−N = q−NqN = 1,
qNb±q−N = q±b±, (b− = b),
which degenerates to the usual W algebras in the limit q → 1.
The n-pairs Weyl algebra we obtain as
W
q
2n = W
q
2 ⊗W
q
2 ⊗ ...⊗W
q
2 n− times
and the different pairs commute.
The quantum group Uq(sl(n+ 1, C)) is defined by the generators ki, k
−1
i , ei, and
fi for i = 1, ..., n,and the relations
kik
−1
i = k
−1
i ki = 1 , kikj = kjki,
kiejk
−1
i = q
aijej , kifjk
−1
i = q
−aijfj,
[ei, fj] = δij
ki − k
−1
i
q − q−1
, (1)
1
[ei, ej ] = [fi, fj] = 0 for |i− j| ≥ 2,
e2i ei±1 − (q + q
−1)eiei±1ei + ei±1e
2
i = 0,
f 2i fi±1 − (q + q
−1)fifi±1fi + fi±1f
2
i = 0,
where (aij)i,j=1,...,n is the Cartan matrix of Uq(sl(n + 1, C)),i.e. aii = 2, ai±1,i = −1
and aij = 0 for |i− j| ≥ 2.
The generators ei, fi correspond to the simple roots. According to (Rosso 1988)
and (Burroughs 1990) we introduce the generators
Xn = en
and recurrently
Xr = erXr+1 − qXr+1er for r = 1, ..., n− 1. (2)
The generators ki, k
−1
i , ei, fi for i = 1, 2, ..., n− 1 and kn form a subalgebra in
Uq(sl(n + 1, C)) and evidently it is Uq(gl(n, C)). We add to this subalgebra the
generator fn and we obtain again the subalgebra which we will denote A.
There exists a very simply representation φ of A in Uq(gl(n, C))
φ(z)y = z.y φ(fn) y = 0 for any z, y ∈ Uq(gl(n, C))
It is a left regular representation. Because
Uq(sl(n + 1, C))(A⊗ z − 1⊗ φ(A)z) z ∈ Uq(gl(n, C)) is an invariant subspace of
the left regular of Uq(sl(n+ 1, C)) we can define a generalized Verma
representation ̺ as a factor representation of the left regular of Uq(sl(n + 1, C))
with respect to this subspace.
The representation space of the representation ̺ is given by
V (λn) = (Xn)
mn(Xn−1)
mn−1 ...(X1)
m1 ⊗ Uq(gl(n, C))
We will denote
|m〉 ⊗ w = |mn, mn−1, ..., m1〉 ⊗ w = (Xn)
mn(Xn−1)
mn−1 ...(X1)
m1 ⊗ w
where w ∈ Uq(gl(n, C)) and define the representation Γ of W2(n) on V (λn) by
Γ(b+i )|m〉 ⊗ w = |m+ 1i〉 ⊗ w = |mn, ..., mi + 1, ..., m1〉 ⊗ w,
Γ(bi)|m〉 ⊗ w = [mi]q|m− 1i〉 ⊗ w = [mi]q |mn, ..., mi − 1, ..., m1〉 ⊗ w, (3)
Γ(qNi)|m〉 ⊗ w = qmi |m〉 ⊗ w,
2
Γ([Ni + α])|m〉 ⊗ w = [mi + α] |m〉 ⊗ w.
Now for explicit construction we will need the commutation relations Xj with
ei, fi and ki. Starting from here we will take r < n .
Evidently
erXs = Xser for r < s− 1 (4)
because in Xs are included only et for t > s+ 1 which commute with er.
For further calculation the following lemma will be useful.
Lemma 1 For r < n it is valid
e2rXr+1 − (q + q
−1)erXr+1er +Xr+1e
2
r = 0.
Proof: For r = n− 1 it is true from the definition of (1). Now by an induction .
We suppose it is valid for r = k + 1 and we are calculating
e2kXk+1 − (q + q
−1)ekXk+1ek +Xk+1e
2
k
from a definition Xk+1 we obtain
= e2k(ek+1Xk+2 − qXk+2ek+1)− (q + q
−1)ek(ek+1Xk+2 − qXk+2ek+1)ek+
+(ek+1Xk+2 − qXk+2ek+1)e
2
k
from the (4) er commute with Xr+2 and we have
= [e2kXk+1 − (q + q
−1)ekXk+1ek +Xk+1e
2
k]Xr+2−
−q[e2kXk+1 − (q + q
−1)ekXk+1ek +Xk+1e
2
k] = 0
if we use the induction condition.
Simply from lemma 1 we obtain
erXr = e
2
rXr+1 − qerXr+1er = q
−1(erXr+1 − qXr+1er)er = q
−1Xrer (5)
for r < n.
Samilarly it is possible to prove that
erXs = Xser for r + 1 > s. (6)
We will continue the calculation of commutation between fr and Xs.
3
From the definition (4) and the commutation relations (1) we have
frXs = Xsfr for s > r. (7)
If r = s the calculation is more complicated than using the definition and the
above relations gives
frXr = fr(erXr+1 − qXr+1er) = (erXr+1 − qXr+1er)fr−
−[(kr − k
−1
r )Xr+1 − qXr+1(kr − k
−1
r )]
(q − q−1)
=
= Xrfr −Xr+1
(q−1kr − qk
−1
r − qkr + qk
−1
r )
(q − q−1)
and finally we obtain
frXr = Xrfr + Xr+1kr (8)
.
In the last case s < r es and fr commute and if we use the definition of Xs we
obtain
frXs = Xsfr + es[fr, Xs+1]− q[fr, Xs+1]es
.
If we put s = r − 1 we have
frXr−1 = Xr−1fr + er−1Xr+1kr − qXr+1krer−1 =
Xr−1fr +Xr+1(er−1kr − qkrer−1) = Xr−1fr
.
By a simple induction we prove
frXs = Xsfr for s < r (9)
.
Now we have the all commutation relation which we need for the explicit
construction of representations ̺. The next lemma give the explicit form of the
commutation relations ei, fi and ki with Xj
mj
Lemma 2 For r < n it is valid
erX
mr
r = q
−mrXmrr er,
erX
ms
s = X
ms
s er for r 6= s− 1, s,
4
erX
mr+1
r+1 = [mr+1]qX
mr+1−1
r+1 Xr + q
mr+1X
mr+1
r+1 er,
frX
ms
s = X
ms
s fr for r 6= s, (10)
frX
mr
r = X
mr
r fr + [mr]qXr+1X
mr−1
r kr,
krX
mr+1
r+1 = q
−mr+1X
mr+1
r+1 kr , krX
mr
r = q
mrXmrr kr ,
krX
ms
s = X
ms
s kr , fors 6= r, r + 1.
The special cases are fn and kn. In these cases we define
Yn−1 = en−1
and recurrently
Yk = ekYk+1 − qYk+1ek
for k < n− 1 and it is valid
fnX
mn
n = X
mn
n fn −
[mn]q
(q − q−1)
Xmn−1n [q
mn−1kn − q
−mn+1k−1n ]
fnX
mr
r = X
mr
r fn − q
−mr+1[mr]qX
mr−1
r k
−1
n Yr
knX
mn
n = q
2mnXmnn kn , knX
mr
r = q
mrXmrr kn ,
Proof: By using the relations (4),(5),(6),(7),(8),(9) and an induction. The
relations of kr directly from the definition (1).
Using the relations (10) of lemma 1 we obtain the explicit form of the
representation ̺
̺(er)|m〉 ⊗ w = [mr+1]q|m− 1r+1 + 1r〉 ⊗ w + q
mr+1−mr |m〉 ⊗ φ(er)w,
̺(fr)|m〉 ⊗ w = [mr]q|m+ 1r+1 − 1r〉 ⊗ φ(kr)w + |m〉 ⊗ φ(fr)w,
̺(kr)|m〉 ⊗ w = q
mr−mr+1|m〉 ⊗ φ(kr)w,
̺(en)|m〉 ⊗ w = |m+ 1n〉 ⊗ w, (11)
5
̺(fn)|m〉 ⊗w = −
[mn]q
(q − q−1)
|m− 1n〉 ⊗ (q
−1+
∑n
i=1
miφ(kn)− q
1−
∑n
i=1
miφ(k−1n ))w−
−
n∑
k=1
[mk]qq
1−
∑k
i=1
mi |m− 1k〉 ⊗ φ(k
−1
n+1Yr)w,
̺(kn)|m〉 ⊗ w = q
mn+
∑n
i=1
mi |m〉 ⊗ φ(kn)w,
From the explicit form of the representation ̺ we can see that it is possible to
rewrite this representation using the representation Γ (3). This representation Γ
and representation φ are faithful representations and we can formulate the
following theorem.
Theorem The mapping τ defined by formulae
τ(er) = q
Nr+1−Nrer + b
+
r br+1
τ(fr) = fr + b
+
r+1brkr
τ(kr) = q
Nr−Nr+1Kr
for r < n
τ(en) = b
+
n (12)
τ(kn) = q
Nn+
∑n
i=1
Nikn,
τ(fn) = −
q
∑n
i=1
Nikn − q
−
∑n
i=1
Nik−1n
(q − q−1)
bn −
∑n−1
k=1
q−
∑k
i=1
Nik−1n Ykbk
is a homomorphism from Uq(sl(n+ 1, C)) to W
q
2(n) ⊗ Uq(gl(n, C)) .
In this letter we have presented some simple generalization of the construction (Fu
and Ge 1992). The realizations of Uq(sl(n+ 1, C)) are in q-boson pairs and in the
generators of the subalgebra Uq(gl(n, C)). For using our formulae (12) recurrently
to obtain the pure q-boson realizations it is also needed to have an operator
τ(kn+1). Evidently from our construction it is possible reformulate for
Uq(gl(n+ 1, C)) and after calculation we obtain
τ(kn+1) = q
λn+1−
∑n
i=1
Ni
The pure q-boson realizations are a starting point (see Fu and Ge 1992) for a
construction of the cyclic representations in the root of unity. The properties of
these representations we will study in a forthcoming paper.
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The authors are grateful to the members of the seminar of the quantum groups in
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References
Biederharn L C 1989 J.Phys.A:Math.Gen. 22 p.L873
Burd´ık Cˇ Havl´icˇek M and Vancˇura T 1992 Commun.Math.Phys. in print
Burd´ık Cˇ and Navra´til O 1990 J.Phys.A:Math.Gen. 23 pL1205
Burd´ık Cˇ 1985 J.Phys.A:Math.Gen. 18 p.3101
Burroughs N 1990 Commun.Math.Phys.127 p.109
Hayashi T 1990 Commun.Math.Phys.127 p.129
Hong-Chen Fu and Mo-Lin Ge 1992 J.Math.Phys. 33 p.427
Rosso M 1988 Commun.Math.Phys.117 p.581
Rosso M 1989 Commun.Math.Phys.124 p.307
7
